Abstract. Let G be a finite group acting freely in a Hausdorff, paracompact, connected and locally pathwise connected topological space X such that H i (X, Z) = 0 for 0 < i < m and H m+1 (G, Z) = 0. Let f : X → Y be a map of X to a finite k-dimensional CW-complex Y . We show that if m ≥ |G|k, then f has a (H, G)-coincidence point for some nontrivial subgroup H of G.
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The classic Borsuk-Ulam theorem says that every map of S n into the euclidean k-dimensional space R k has an antipodal coincidence, that is, it maps some pair of 1991 Mathematics Subject Classification. (2.000 Revision). Primary 55M20; Secondary 55M35. Key words and phrases. (H, G)-coincidence point, classifying space, G-action, transfer, spectral sequence, join space.
The first author and the third author were partially supported by CNPq and FAPESP. The fourth author thanks the Russian Foundation of Basic Research, grant 02-01-00014, for partial financial support.
Typeset by A M S-T E X

Proposition. Suppose that G is a finite group acting freely on a CW-complex X that is a homotopy m-dimensional sphere and suppose that f : X → Y is a map, where Y is a finite k-dimensional CW-complex. Then, if m ≥ |G|k, there is a nontrivial subgroup H ⊂ G and a (H, G)-coincidence point for f .
For X = S m , this question had been solved in [10] and [11] when G = Z 2 (compare also [12] ), and more generally in [9] and [11] for G = Z q (in this case m is odd).
The aim of this paper is to show that the above result can be extended to a larger class of spaces X. Specifically, we will prove the following theorem. Theorem 1. Let X be a Hausdorff, paracompact, connected and locally pathwise connected topological space, and let G be a finite group acting freely on X. Suppose that H m+1 (G, Z) = 0 for some natural number m ≥ 1 and
If G is a finite group which acts freely on a CW-complex of the homotopy type of a m-dimensional sphere, then by [3, Ch. XII, §11] H m+1 (G, Z) ∼ = Z |G| , the cyclic group of order |G|; thus the above theorem is in fact an extension of our previous result. In addition, we will show that the inequality m ≥ |G|k is the best condition for the existence of G-coincidences if G = Z p with p prime.
Recently, in [18] , A. Yu. Volovikov studied this question above for
, where p is a prime number, and X is a connected CW-complex with a G-action such that H i (X, Z p ) = 0 for 0 < i < m; he used the concept of index i(X) of [17] . However, our result does not imply the Volovikov's result when k > 1, since in his study H = G. Proof. By the universal coefficient formula,
Since G is a finite group, the Z-homology of G has only torsion in dimensions greater than zero, hence
Let B(G) be the classifying space for G. Since X is Hausdorff and paracompact, we can take a classifying map c : X/G → B(G) for the principal G-bundle π : X → X/G.
Lemma 2. Let p be a prime divisor of the order of
is injective (in particular, it is nontrivial by Lemma 1) . 
Proof. Consider the universal G-bundle E(G) → B(G)
By a routine argument of spectral sequence we obtain the following short exact sequence:
Therefore ρ * is injective and the result follows.
Lemma 3. Let X be a Hausdorff, connected and locally pathwise connected space, and let G be a finite group acting freely on X. Then for any i ≥ 0 and a commutative ring R with a unit, there is a transfer homomorphism τ X :
another space that satisfies the hypothesis of the lemma, h : X → Y is an equivariant map and h : X/G → Y /G is the map induced by h, then τ
Proof. First we define τ X at the cochain level.
Take the standard i-simplex σ i and fix a base point z ∈ σ i . Let φ : σ i → X/G be a singular i-simplex, and
where r is the order of G and π : X → X/G is the quotient map. Since π : X → X/G is a r-fold covering with X locally pathwise connected, and σ i is simply connected, there are unique liftings
It is straighforward to verify that the assignment µ → µ is R-linear and maps cocycles into cocycles and coboundaries into coboundaries, hence it defines an R-
(X/G, R) (which depends on the base point of σ i ). The fact that these transfer homomorphisms satisfy ii) follows from the commutativity relation hπ X = π Y h, where π X , π Y are the quotient maps corresponding to X and Y .
Suppose With the above lemmas, the remaining arguments are similar to those of [7] . 1 x) , ..., f (g r x) ).
Suppose that f : X → Y has no (H, G)-coincidence points for any nontrivial
; φ 0 is an equivariant map and thus induces a map φ 0 : X/G → Y 
0 /G, Z p ) given by Lemma 3. By ii) of that lemma we have the following commutative rectangle
is zero. Since Y 
An element h ∈ G acts on [λ, t, g] as h[λ, t, g] = [hλ, t, hg], and this action of
where e is the unity element of G. A direct calculation shows that ψ has no Gcoincidence points. Now consider the join
. It is a CWcomplex of dimension mp − 1 with H i (X, Z) = 0 for each 0 < i < mp − 1 satisfying all the remaining hypotheses of our theorem. A point of X can be written as
, where x i ∈ X, t 1 + ... + t m = 1 and t i ≥ 0, i = 1, ..., m, and G acts freely on X through the diagonal action
We can define a map F :
The fact that ψ has no G-coincidence points implies that F has no G-coincidence points.
This construction shows that the hypothesis m ≥ |G|k has the following properties:
a) It is the best condition for the existence of (H, G)-coincidences if all finite groups G are considered.
b) It is the best condition for the existence of G-coincidences if G = Z p with p prime.
It is an interesting question whether this condition is the best possible for other finite groups G.
Expanding further on the above constructions, the first example of a map f :
into a contractible m-dimensional polyhedron Y such that no pair of antipodes is identified was found in 1937 by H. Hopf [5] . Such examples were rediscovered in 1974 byŠčepin [12] and Stesin [15] ; moreover, Sčepin's construction coincides with Hopf's construction but differs from Stesin's construction. Later such constructions were studied in [16] , [13] and [10] . Also, Sčepin [12] proved that any map S 2m → Y to m-dimensional polyhedron Y identifies some pair of antipodes (thusŠčepin proved Hopf's conjecture [5] ). Stesin [15] obtained the same result for maps homotopic to zero. Another proof ofŠčepin result was found by Jaworowski in [11] . This construction is close to examples of Vaisala [16] , Scepin [13] and Izydorek & Jaworowski [10] . where H runs over all nontrivial subgroups of G. In [8] , we studied the size of C H in terms of the cohomological dimension of C H , when H is a nontrivial normal cyclic subgroup of G with prime order p and X is the m-dimensional sphere. By arguments similar to those used in Section 3 of [8] , p. 467-469, we can prove the following result. 
